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We describe a general approach of determining the distribution of spanning subgraphs in the 
random graph Q{n,p). In particular, we determine the distribution of spanning subgraphs of 
certain given degree sequences, which is a generalisation of the d-factors, of spanning triangle- 
free subgraphs, of (directed) Hamilton cycles and of spanning subgraphs that are isomorphic 
to a collection of vertex disjoint (directed) triangles. 

1 Introduction 



The distributions of subgraphs with fixed sizes in various random graph models have been investi- 
0\ gated by many authors. A general approach by Rucihski PjT] showed that the numbers of subgraphs 
with fixed sizes in the binomial model Q{n,p) are asymptotically normal for a large range of p. On 
the other hand, studies of distributions of subgraphs of sizes growing with n, for example, the span- 
ning subgraphs, are much less common. The first breakthrough is perhaps due to Robinson and 
■ Wormald [H |9] on proving that random regular graphs are a.a.s. Hamiltonian. Based on their work, 
Janson [3] deduced the limiting distribution of the number of Hamilton cycles in random regular 
^ graphs. The distributions of some types of spanning subgraphs (perfect matchings, Hamilton cycles, 
spanning trees) in random graphs Q{n,p) and Q{n,m) were determined by Janson These distri- 
butions behave significantly differently in Q{n, m) and Q{n,p). It was shown that within a big range 
of m, the numbers of these spanning subgraphs are asymptotically normally distributed in Q{n, m), 
whereas in the corresponding Q(n,p) with p = m/(2), these random variables are asymptotically 
log-normally distributed. This is because the expectations of these variables in Q (n, m) grow very 
fast as m grows. Therefore, even though the number of edges in Q{n,p) has small deviation, the 
deviation of these random variables (e.g. the number of perfect matchings) can eventually be very 
large. This same phenomena was observed by the author |2] while studying the distribution of the 
number of d-factors in Q{n,p). 

In this paper, we extend and generalise the method in [2] and study additional types of span- 
ning subgraphs. In Section [21 we describe the general method (Theorems [1] and E]) and give condi- 
tions under which the distribution of the random variable under investigation will follow a pattern 
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of concentration in Q{n,m) and log-normal distribution in Q{n,p), which we call the log-normal 
paradigm in this paper. The method is also extended to cope with probability spaces of random 
directed graphs (See Theorem Hj). In Section [3], we study the distribution of certain types of span- 
ning subgraphs (including spanning subgraphs with certain degree sequences, triangle-free spanning 
subgraphs, undirected and directed Hamilton cycles, and spanning subgraphs isomorphic to a col- 
lection of vertex disjoint triangles). Their distributions are determined by verifying the conditions 
given in the theorems in Section |5J Note also that the method used by Janson in [1] is graph 
decomposition and projection whereas the approach used in [2] and in this paper proceeds via com- 
binatorial counting, making extensive use of the switching method developed by McKay [5]. The 
proof of Theorem [1] is implicit in the proofs of [21 Theorem 2.3 and 2.4], which we abstract and 
generalise to a general approach for proving concentration in Q {n, m) and log- normal distribution 
in Q{n,p). The proof of Theorem |3] is essentially the same as the proof of [H Theorem 6] with slight 
adaptation and generalisation. Both proofs of Theorems [T] and [3] are presented in Section SJ The 
specific problem on the number of Hamilton cycles has been studied in the past by a few authors. 
The first investigation was done by Wright for the directed Hamilton cycles in |Tl] and then the 
undirected Hamilton cycles in |10] . Even though both proofs in [11] and [10] are based on a similar 
counting trick, the analysis for the undirected version is much more complicated. The proof for the 
directed Hamilton cycles was redone by Frieze and Suen [Ij, probably unaware of the existing work 
of Wrignt, using basically the same approach. In [1], Janson reproved the same result for both the 
undirected and directed versions, using the method of graph decomposition and projection. In this 
paper, we present a completely new proof for both the undirected and directed version, which is 
indeed much simpler than the previous approaches. 



2 A general approach 

Let ^ denote a set of vertex-labelled graphs on a set S* = [n] of n vertices. For two graphs Hi and 
H2 both on vertex set S, let Hi fl H2 {Hi U H2) denote the set of edges contained in both (either 
of) Hi and H2. For any integer j > 0, let Fj{y) denote the set of ordered pairs {Hi, H2) G ^ x ^ 
such that \Hi fl H2\ = j. Let fj = fj{y) = \Fj{y)\ and let = fj/fj^i for any j > 1, as long as 
fj-i 7^ 0. Let Xn = Xn{y) denote the number of members of =5^ that are contained in a random 
graph {Q{n,p) or Q{n,m), defined on the same vertex set S) as (spanning) subgraphs. Here S, p 
and m refer to sequences (S'(n))„>i, {p{n))n>i and (m(n))„>i. Assume every graph in ^ has the 
same number h{n) = f2(n) of edges. Let N{n) = (2). We drop n from all these notations when 
there is no confusion. All asymptotics in this paper refer to n — i- 00. For any real x and any integer 
£ >0, define the i-th falling factorial [x]i to be ]n^^ZQ(a; — i). Let 

Clearly, 

A simplification of (readers can also refer to Lemma [19] by taking i = h) gives 
E,(„,^)X. = |^|--^ = m-|^ = |^|(m/Ar)'^exp(-^^ 
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Theorem 1 Let fin be defined as in \2.1\) . Assume that = o(m^), and for p{n) = h? /m and 
some function '~f{n), the following conditions hold: 

(a) for all K > and for all 1 < j < Kp{n), 

Tj = — (l + o(m//i2)); 



(b) Vj < m/2N for all 4p(n) < j < 'y{n); 

(C)tin) ■.= Ej>,in)fj=0if^n\y\); 

(d) fin — ^ oo, as n ^ oo. 
Then in Q{n, m), 

^n/'^g{n,m){.Xn) A 1, 

as n ^ OO. 

Remark: The ratio in condition (a) looks quite restrictive. However, as we wiU see in the next 
section, this ratio appears naturaUy if the edges in are distributed randomly (see examples in 
Sections 13. II and 13.21) . In some cases, for instance, if we take 5^ to be the set of graphs isomorphic 
to a given unlabelled graph on n vertices, the edges in are likely to still distribute in some kind 
of "random-like" way and thus having as expressed in condition (a) is expected. If we are lucky, 
we might have condition (b) satisfied for 7(n) = h. See the example in Section 13.41 But usually 
this is not the the sequence Vj might decrease first and increase at its tail. Normally, in 

these cases, condition (c) is not difficult to check. See examples in Sections 13. 3[ 13.51 and 13.61 

Theorem [1] and its proof also gives the following proposition. 

Proposition 2 Assume all conditions (a)-(d) of Theorem [I] are satisfied. Then, for all j = 
0{hym), 

/,H ~ |^|2exp(-/iViV)(/iViV)Vj!. 

The following theorem gives conditions under which Xn will be asymptotically log-normally 
distributed in Q{n,p) if all conditions in Theorem [1] are satisfied by taking m = pN. 

Theorem 3 Assume = oijp'n^). Let /3„ = h^J (1 — p)/pN and A„ as defined in ^2.1\) . Assume 
further that lim inf „_j,oo > 0. If for all m = pN + 0{y/pN), X„/Eg(„ A 1, then 

ln(e^"/2X„/A„) d ,r,^ 

— — - — ^-;-A/(0, 1), asn^oo, 

Pn 

where M{0, 1) is the standard normal normal distribution. 
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By Theorems [T] and [3], to show that a random variable has a log- normal distribution in Q{n,p), 
it is enough to check conditions (a)-(d) in Theorem [T] by taking m = pN. This method is particular 
powerful if we can estimate rj without knowing fj. This is the case in most examples established 
in Section [31 However, even in the case when rj is obtained by estimating fj first, Theorem [1] 
provides a guidance of which terms of fj are non-negligible terms in the analysis, and by verifying 
the conditions in Theorem [1] we can make proofs very systematic. We will give one such example 
in Section [X^ (the second proof for Theorem [T^ . 

We can generalise the results to random digraphs. Define V{n,m) to be the random digraph 
on n vertices with m directed edges chosen uniformly at random from the 2N ordered pairs of 
vertices. Define V{n,p) to be the random digraph on n vertices, which includes every directed edge 
independently with probability p. In this paper, we again define T>{n, m) and V{n,p) on the vertex 
set S. With almost the same proofs of Theorems [1] and [3] we have the following theorem. 

Theorem 4 The same conclusions of TheoremsUl andl^hold if we replace Q{n,m), Q{n,p), N by 
V{n,m), V{n,p) and2N. 



3 A few examples 
3.1 A trivial example 

Take to be the set of all graphs on vertex set S with h edges. Then |^i| = (^). The conclusion 
of Theorem [T] should hold trivially in this case as X„(^i) is constant (depending only on m and 
h). Nevertheless we verify conditions (a) and (b), also for later use in the next section. For all 
0<j<h, 

J [h-j)\h-j 



Then for all 1 < j < /i. 



_ (A^-, + l)(ft-, + l)' ^ ftl 
' 3{N-h)(N-2h + j) ]N' ' " 

This verifies conditions (a) and (b) (for 7(n) = h). With = (^), we can easily check that 
condition (d) is satisfied. 



3.2 Another trivial example 

Let < p < 1. Consider the set of graphs ^2 that is obtained by including each element in 
independently with probability p. Then we have the following. 

Theorem 5 Assume 0<p<l, 0<p<l are reals and h = Q{n) is an integer that satisfy 
m = p{^ , = o{m'^), m?fP'N^ » h^^^*\n.n. Let fin and A„ be defined as in l\2.1\) and let 

fin = h^y (1 — p)/pN . Then a.a.s. X„(^2)//^n Aim G{n,m), and 

ln(e/^^/^X„(^2)/An) d ,,,, . ^, . 
^7V(0,1), mg{n,p), 

Pn 

provided lim inf „^oo /^n > 0. 
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Proof. By the definition of 5^2-, we liave = |^2| ~ ^({^)^P) fj ~ ^{Mj,p'^), wliere 
Mj = (^) (^r^) (IZj) ■ The Chernoff bound gives that 



P{\fj-p'^Mj\ > 2^/3 Innp'^Mj) < exp(-31n 

and 



n) = n ^, 



Therefore, with probability at least 1 — hn^^ — o(l) = 1 — o(l), for all < j < h, 



f,= i^l + Oi^^\nn/pm,jjM,. 
Note that for all j, Mj > [n]h/ih\y > (A^/Zi^)^ and p satisfies 

p^ » 



.2 h'^+^'^lnn 



Thus, a.a.s. for all < j < h, 



f, = {l + o{m/e))M^. 



By the calculations in Section 13.11 a.a.s. both conditions (a) and (b) (for 7(n) = h) are satisfied 
and a.a.s. 



E(X„(^2)) > E(X(^0W2 ~ ^ (^^exp(-V2m))' » ^^^^ (em^ViVe-^/^-)". 

Since h = Q{n) and = o{rn?), the above tends to oo as n — )■ cxd and so condition (d) is also 
satisfied. The theorem thereby follows. I 

The following is a corollary of Theorem [5] by letting p = 1/2. 

Corollary 6 Assume Q < p < 1 is a real and h = Q{n) is an integer that satisfy m = pQ); 

= o(m^), m^N^ » h^^^'^lnn. Then for almost all subsets of ^i, the same conclusions of 
Theorem\^ (without "a.a.s.") hold when 5^2 is replaced by S^2- 



3.3 The number of spanning subgraphs with given degree sequences 

In this section, we consider a non-trivial example where is the set of graphs on S with a given 
degree sequence. 

Let d = {di, . . . , dn) be a degree sequence and let (imax := max{(ij, 1 < i < n}. Let ^3 denote 
the set of graphs on S with degree sequence d. Thus, Xn{S^z) counts all spanning subgraphs with 
degree sequence d. The sequence d refers to (d(n))„>i. We again drop n from the notation when 
there is no confusion. 

A special case when d is constant was studied by the author in |2]. The distribution of the 
number of ci-factors in Q{n,p) was shown to follow the log-normal paradigm. The core part of the 
proof in |!2j is to estimate rj using the switching method. We will generalise this proof to cope with 
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general degree sequences d. Let h = J2^=i^i/'^y — '^h/n and d2 = J2i=i^l/^- Let Mj = diU for 
2 = 1,2. 

Assume (i^^x ~ o{h). The following estimate of l^sl was first obtained by McKay [S]. 

Ml! / M2 - Ml (Ms-Mif ^^.,4 r-^n 

= iM,/2)i2M./^ui^d.i r^]t^^ + ^^^-/^^ J • ^'-'^ 

The main theorem is as follows. 

Theorem 7 Lei < p < 1 be a real and < m < N an integer and d a degree sequence satisfying 
m = pN, d'^^^ = oijP'n), = o{rn?) and d^^^. = o{h). Assume further that (J2 = + o{m/h^)). 
Let Xn,d denote the number of spanning subgraphs with degree sequence d. Let fin,d o-nd A„^d be 
defined as /i„ and Xn in Let (5n = h^J (1 — p)/pN . Then Xn,d/ IJ'n,d Aim G{n,m), and 

ln(e^"/2^„,d/A„,d) d .r.^ . f., X 
^A/(0, 1), inQ{n,p), 

Pn 

provided lim inf „_5.oo > . 

Remark: The condition ^2 = df{l + o{m/h'^)) is rather restrictive. The degree sequences are re- 
stricted to those that are very concentrated around their average. So the graphs under consideration 
are "almost-regular". The condition ci^ax — is probably not needed as we only need a lower 
bound of l^sl to verify Theorem [1] (d). However, to avoid complication, we include rf^ax — ^(^) 
the assumptions. 

The following theorem, proved in [2] , is a direct corollary of Theorem [71 

Theorem 8 Let < p < 1 be a real and < m < N and d > be integers satisfying m = pN , 
d^ = o{p'^n). Let Xn^d denote the number of d-factors in a random graph (Q{n,m) or Q{n,p)). Let 

fin,d = Eg(^n,m)Xn,d, K,d = Egi^n,p)Xn,d and let /3„ = 6/^/(1 -p)/2p. Then XnA/^'n,d Aim G{n, m), 

and 

Pn 

provided lim inf „„^oo /3n > 0. 

Proof of Theorem [T]. We generalise the proof in [2] and adapt it to our case of general d. Recall 
that Fj{y^) denotes the set of ordered pairs of graphs (Gi, G2) G ^3 x ^3 such that \Gi n(j2| = ]■ 
The following two switchings operating on elements of ^3 x ^3 were first defined in |JJ . 

s I- switching: Take an edge a; G Gi fl G2- Label the end vertices of x as U2 and u'2- Then take 
an edge y E Gi\G2 and label the end vertices of y as Ui and u[. Then take an edge z G G2 \ Ci 
and label its end vertices as M3 and u'^. An s-switching replaces x and y by {ui, U2} and {m'i, ^2} in 
Gi and replaces x and z by {u2, M3} and {u2, u'^} in G2. An s-switching is applicable on the chosen 
triple {x, y, z} with the given labeling, if and only if 

(i) X and y are not adjacent and x and z are not adjacent; 

(ii) all of {ui, U2}, {-u'l, 'U2}, {u2, M3}, {u2, u'^} are not in Gi U G2- 
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inverse Si-switching: Choose a pair of 2-paths (mi,M2,M3) and {u[,U2,u'^) such that 
{ui,U2}, {u[,u'2} G Gi \ 6*2 and {m2, Ms}, {^2, M3} G 6*2 \ Ci. The inverse s-switching replaces 
{ui,U2} and {u[,u'2} by {-Uij-u']^} and {■U2?W2} in Gi and replaces {M25M3} and {u'2,u'^} by {■U2,M2} 
and {tiSjMg} in G'2- The s-switching is applicable on the chosen pair of paths only if 

(i') all vertices ui, U2, M3, u[, u'2, u'^ are distinct; 

(ii') none of {ui,u[}, {u2,U2} and {u3,u'^} are contained in Gi U 6*2- 

Figure m gives an example of the s-switching and its inverse, where the solid lines denote edges 
in Gi and the dashed lines denote edges in G2- 




Figure 1: s-switching and its inverse 

For any j > 1 and g G -Fj(^3), an Si-switching converts g into an element in Fj_i(J^3). For 
every g, let N{g) denote the number of Si-switchings applicable on g. There are j ways to choose 
X and for each chosen x there are two ways to label its end vertices. For any chosen x, the 
number of ways to choose y (or z) is h — j + O^d"^^^), where the error term j + O^d'^^^^) counts 
all edges in Gi fl G2 and all choices of y such that x and y are adjacent or ui, U2 are adjacent 
or u'l, u'2 are adjacent. For each chosen y (or 2;), there are two ways to label its end vertices. So 
N{g) = Sj{h — j + 0{d'^^^)Y. On the other hand, for any g' G Fj_i{^3), an inverse s-switching 
converts g' into an element in FjlS^^). Let N'{g') denote the number of inverse si-switchings 
apphcable on g'. Recall that M2 = d2n. The number of 2-paths (mi, ^2, "^3) with {ui,U2} G Gi 
and {u2,Us} G G2 is M2 + 0{jd^i,x), where ©(jrfmax) accounts for the miscount caused by edges 
in Gi n G2. Hence N'{g') = (M2 + 0{jd^^^) f + 0(71^2^^^^ + jM2rfmax), where the error term 
0(M2(i|^ax) accounts for all miscounts that violate constraints (i') and (ii') while the error term 
0(jM2(imax) accounts for the case that one of the two paths contains an edge in Gi fl G2- Clearly, 
T.geF,{ys)^(9) = J2g'eF,.,{y,)N'{g'). Thus, 

8j{h-j + 0{dW 
Let a = 7/8. For all 1 < j < ah, the above ratio is 

= + 0{diJM2 + 3d^jM2 + 3lh + dlJh)). (3.2) 
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Since d2 = dl{l + o{m/h'^)), M2 = h'^ /n{l + o{m/h'^)). Thus, we have M^/8h'^ = / N {I + o{m / K^)) . 
Now we verify that for all j = 0{h'^/m), all error terms in fl3.2p are bounded by o{m/h'^). Note 
that 

= 0{dL^n/m) = OidiJpn) = 
^'^"7{f^ = 0{h'd^^^n/m') = o{d^..n/m'/') = o{d/p'"n'l') = o(l); 



U + dL.)/h _ {3 + dl^^)h 



m/h 



2 



m 



Oihym' + dl^^h/m) = OidlJm'/') + o(l) 



= 0{dlJp'/'n'/')+o{l) = o{l). 

Thus, Theorem [1] (a) is verified. Next we verify that condition (b) holds by taking jln) = ah. 
By ( ]3.2p and the above calculation we have 



r, = —il + o{m/e) + 0{jd^,jM2+j/h) 



= ^ (1 + o(m//i2) j + 0{d^Jn + h/N) = ^ + o{m/n'). 

Thus, Tj < m/2N for all j > This verifies condition (b) by taking 'j{n) = ah. Next, we 

verify condition (d). By ([21]) and (Q, 

,^ , {2h)\p^ ( {M2-M,f {l-p)h^\ 
Eg(„,™)(X„,d) ~ J^J^Hj^-'''^ V 2M^ 4M! ■ 

Since M2 = 0{h'^/n), we have 
We also have 

n 
i=l 

Hence 

lnEg;(„^„)(X„^d) > h\np + h\n{2h/e) - -^^\nd,naJ - 0{h'^/m) 

> /^fln(2/^</fJey^)-^^^^ + 0(V^^^ (since dLa. = o(/n)) 

> h (In {2hd^^l/eV^) - 2 In rf^,, + 0(/i/m)) . 
Since h = Q{n), we further have 2hdmax/e^/n = 0{y/n) and so 

\iaEg(^n,m){Xn,d) > /l Q lu n - ^ lu c/max + 0(1)^ ^ OO, (3.3) 



which verifies condition (d). Lastly, we verify condition (c). Let G be a graph in o$^3, and let K,j{G) 
denote the number of graphs in ^3 that share at least j edges with G. We estimate a uniform 
upper bound of Hj{G) for all G. 

There are Q) ways to choose h — j edges from G. Removing these h — j edges generates a 
deficiency degree sequence d', where d[ = d-i — ai, where Oj is the number of edges incident with G 
that are removed. Hence ^11=1 ~ ^(^ — j) and for any G, 

Kj{G) < max |^7(d') : d' with < = 2(/i - j)| , 

where g{d') denotes the number of graphs with degree sequence d'. By (13. ip . g{d') < M!/2^^/^(M/2)! < 
(M/2)*^/^ where M = 2{h-j). Therefore, 



(ha)'"^. (3.4) 



j>7(n) G 



Recall that a = 1/8. By (13. 3p . (13. 4p and the assumption draax = o(n^/^), it is straightforward to 
check that 

= od^sl/^n), 

i>7(") 

which completes the proof of the theorem. I 



3.4 triangle-free subgraphs 

In this section, we consider another example where ^4 is the set of all triangle-free graphs on S 
with h edges. Then X„(^4) counts the number of triangle- free subgraphs with h edges. 

Theorem 9 Let < p < 1 be a real and < m < N an integer satisfying m = pN, = o(m^) (or 
equivalently = o{p'^n^)) and h"^ = o{pn^). Let X„ denote the number of triangle-free subgraphs 
with h edges. Let fin o-nd A„ be defined as in and let /3„ = h^J (1 — p) /pN. Then Xn/ fin ^ 1 
in G{n, m), and 

Pn 

provided lim inf „^oo /^n > 0. 

Proof. Recall that Fj(e5^4) = {(d, G2) e ^4 x =5^4 : |Gi nG'2| = ]}■ Consider j > 1 and the classes 
Fj{5^^ and Fj„i{S^i). Let Kn denote the complete graph on S. We define two other switchings 
operating on ^4 x ^4 as follows. 

S2- switching: Let x be an edge in Gi fl G2- Choose y and z from Kn \ Gi U G2, such that GiUy 
and (^2 U 2; are triangle- free. Replace x by ?/ in Gi and replace x by 2; in ^2- 

inverse S2-switching: Let x be an edge in Kn\GiUG2 such that GiUx and G2UX are triangle-free. 
Let y E Gi\G2 and z G G2 \ Gi. Replace y by a; in Gi and replace z by a; in G2- 

Clearly, an S2-switching converts an element g G Fj{S^4) to an element g' G -Fj_i(^4) and an 
inverse S2-switching converts an element g' G Fj_i(^4) to an element g G ^^(^4) for some j > 1. 
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For any g G Fj{y^, let N{g) denote the number of s-switchings that are apphcable on g. There 
are j ways to choose x. Given x, the number of ways to choose y and z is N — 0{h + Ti{g)) 
and — 0{h + T2{g)) respectively, where Ti{g) denotes the number of 2-paths in Gj. Let T{g) = 
max{Ti{g),T2{g)}. So A^(^) = j{N - 0{h + T{g))f. We have the following claim. 

Claim 10 T{g) = 0{h^/n). 

Then N{g) = + 0{h^/n^)). For any g' G Fj_i(^4), let N'{g') denote the number of inverse 

s'2-switchings applicable on g' . Then N'{g') = {N - 0{{2h - j + 1) + T{g'))){h - j + 1)^ = 
Nh^il + Oihyn^ + j/h)). Since EgeF,(.y,) ^(9) = Eg'eF,.,(.y,) ^'W), we have that for all 3 > 1, 

r, = -^(1 + 0{h'/n' + j/h)) = -^(1 + o{m/h') + 0{j/h)). (3.5) 

Note that 0{h'^/n^) = o{m/h?) because /i^ = oijm^). Next we verify conditions (a) and (b) of 
Theorem [TJ For all j = 0{h? /m), j/h = 0{h/m) = o{m/h'^) since = o{m?). Thus 

r, = -^{l + 0{e/n'+3/h)\ 

which verifies condition (a). By (13. 5p . for all j > 

h ^ m 

r. = -^(l + o(l)) + 0(ViV)<— , 

which verifies condition (b) (for 7(n) = h). Next, we verify condition (d). Obviously ^5^4 is larger 
than the set of bipartite graphs with h edges and with vertex-bipartition {[n/2],S — [n/2]). The 
latter has size (" j^'^) . Thus 



■ exp{-2h^/n^ + 0{h^/n^) - (1 - p)K' /2m + o(l)) 



h\ 

1 / en p ^ 



> 



, , , exp(-2/iV^^ - (1 -p)/iV2"^) 

V27r/i V 4/i / 

1 /emp , / n\'^ / 2 

, , exp(— 3/i/m) (as n > m). 



where the second equality holds because \r? /^h = (^^/4)'' exp(— 2/i^/n^ + 0{h^ /n^)) and the third 
asymptotics holds because = o(n^) as fi^ = o(m^) by the assumption. Since = o(m^), 
exp(— 3/i/m) — !■ 1. Since h = fl{n), we have m >> n^/^. We also have p = m/N = Qim/ii?). Thus, 



6 — — >> — — » 1. 



h V n'^h / 11? 

This implies that 

Eg;(„,m)X„(^4) oo, as n oo. ■ 
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It only remains to prove Claim [101 

Proof of Claim IIOI It is sufficient to prove that for any graph G with h edges and n vertices, 
the number of 2-paths it contains is bounded by 0(Jt? /n). Let d = (di, . . . , dn) denote the degree 
sequence of G. Then G contains exactly Ym=i di{di — l)/2 = Yll=i ~ h 2-paths. On the other 
hand, by the Cauchy-Schwarz inequality, 

^ * n n ' 

which completes the proof of the claim. I 



3.5 Hamilton cycles 

The most interesting examples of are perhaps taking as the set of graphs that are isomorphic 
to a given unlabelled graph if on a set of n vertices. However, counting fj{^) or estimating rj is 
normally difficult. In this and the next sections, we consider two such examples. In Section 1331 we 
have shown that the number of 2-factors follows the log-normal paradigm. In what follows, we pick 
two extreme cases from the set of 2-regular graphs on n vertices, as candidates for H. One is the 
longest possible cycle, the cycle with length n, whereas the other is a collection of shortest possible 
cycles, i.e. the union of vertex disjoint triangles. 

In this section we consider H {H') to be a cycle (directed cycle) with length n and ^5 {^^) to be 
the set of graphs (directed graphs) on S that are isomorphic to H {H'). Thus, Xn^^^) and Xn{S^^) 
count the numbers of undirected and directed Hamilton cycles respectively. It is well known that 

= {n- l)!/2, and = {n - 1)!. (3.6) 

We have the following theorem for the undirected version. 

Theorem 11 Let < p < 1 be a real and < m < N an integer satisfying m = pN and p » 
ra^^/^. Let Xn denote the number of Hamilton cycles in Q(n,m) (or Q(n,p)). Let yU„ = Eg(„_m)X„ 

and let A„ = Eg(„p)X„. Then Xn/ ^in 1 in G{n,m). Assume further that limsup„^oop(n) < 1, 
then 

ln(e'^"/2X„/A„) d 



/3n 

where /3„ = a/2(1 — p)/p. 



AAr(0,l), tng{n,p), 



Using almost the same proof as in Theorem [TTl we immediately obtain the following paralelling 
theorem. 

Theorem 12 If all assumptions with N , Q{n,p) and Q{n,m) replaced by2N, V{n,p) andV{n,m) 
in Theorem [77] hold, then the same conclusion of Theorem [77] holds (for /3„ = -\/(l — p) /p by the 
definition of f3n in Theorem\^. 

The second moment of the number of directed Hamilton cycles was originally estimated by 
Wright ^llj, which was later redone by Frieze and Suen [1] using basically the same approach. 
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However, extending the proof to the undirected version, done in [TO], is not triviaL Indeed, the proof 
for the undirected version uses much more comphcated counting and analysis. In this paper, we give 
a completely new and much simpler proof for the undirected Hamilton cycles (Theorem [TT]) . using 
again the switching method. The same proof, with only slight modification of the switchings that 
cope with directed edges, works for the directed version (Theorem [T2|) . However, for the directed 
version, we present a second proof instead, following the recursive functions obtained in [111 [I] • We 
will verify the conditions in Theorem [T] by analysing these recursive functions, which is eventually 
equivalent to the analysis in [TTl [T] . We do so as this is an example to show that with the guidance 
of Theorem (H the analysis can become cleaner and more systematic. 

We first prove Theorem [11] by defining another two switchings. 
Proof of Theorem llll We define another two switchings as follows. 

h-switching: Choose an edge G Gi fl G'2- Then choose edges Xiyi G Gi \ G2, a^2l/2 G G2 \ Gi such 
that xyxiHi and xyx2y2 are in a cyclic order in Gi and G2 respectively. Replace xy and xiyi by 
xxi and yyi in Gi, and replace xy and X2y2 by XX2 and yy2 in G2. The /i-switching is applicable if 
and only if 

(a) the six vertices x, y, Xi and yi for i = 1,2 are all distinct; 

(b) the edges xxi and yyi are not in G2 and the edges XX2 and yy2 are not in Gi. 

inverse h-switching: Choose a pair of vertices {x, y} such that xy ^ Gi U(j2- For ^ = 1? 2, choose Xi 
and yi such that xXi G Gi and yyi G Gi and xxiyyi is in a cyclic order in Gi. The inverse /i-switching 
replaces xXi and yyi by xy and Xiyi in Gi for i = 1,2. The operation is applicable if and only if 

(a') the six vertices x, y, Xi and yi for i = 1,2 are all distinct; 
(b') the edges xXi and yyi are not in Gi fl G2 for i = 1,2; 

(c') xiyi ^ G2 and X2y2 ^ Gi. 

For g G Fj, let N{g) be the number of /i-switchings applicable on g. There are 2j ways to choose 
and label the end vertices of the edge G Gi fl G2. For any chosen xy, there are n — j + 0(1) 
ways to choose and label the end vertices of the edge Xiyi G Gi, where j + 0(1) accounts for the 
case that Xiyi G Gi fl G2 and the case that condition (a) is violated. Thus, a rough estimation of 
N{g) is 2j{n — j + 0(1))^. The only miscounts are those xy and Xiyi such that condition (b) is 
violated. Clearly, the miscount due to the violation of condition (b) is 0(jn) because for any chosen 
xy, there are exactly two choices for xiyi (equivalently X2I/2), such that either xxi or yyi is in G2 
(equivalently, either xx2 or yy2 is in Gi). Thus, N{g) = 2jn^(l — j/n + 0{n^^))^. 

On the other hand, for g' G Fj^i, let N'{g') denote the number of inverse /t-switchings applicable 
on g'. There are — 0(n) ways to choose and label vertices x and y such that xy ^ GiU G2. For 
any chosen xy, there are two ways to choose Xj and yi from Gi for i = 1,2 respectively, such that 
xxj, yyi G Gi and xXiyyi is in a cyclic order in Gj. Thus, N\g') is approximately 4(n^ — 0{n)). The 
only miscounts are those choices that violate conditions (a') or (b') or (c'). There are only 0(n) 
choices of xy so that (a') or (c') can possibly be violated, and there are only 0{jn) choices of xy so 
that (b') can possibly be violated. Therefore, N'{g') = 4n^(l + 0{j/n)). 

Hence for all 1 < j < n/2, 

r, = ^2i^ + 0{jM) = ^{l + 0{j/n)), 
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from which we can easily verify Theorem [T] (a), (b) (for 7(n) = n/2) and condition (d) is trivially 
true. The proof will be completed by verifying condition (c). Let G be a Hamilton cycle, and let 
Kj{G) denote the number of Hamilton cycles that share at least j edges with G. There are (") ways 
to choose j edges from G. These chosen edges form r < j disjoint paths. Contract each path into 
a special vertex. The total number of vertices including these special vertices is then n — j. There 
are {n — j — 1)1/ 2 Hamilton cycles on these vertices. For every such Hamilton cycles, expand each 
special vertex by its corresponding path (there are two ways to expand each special vertex). Then 
each expanded Hamilton cycle corresponds to a Hamilton cycle that shares at least j edges with G. 
Thus, for every G, 

It is then straightforward to verify that 

<|^5|^!2Vj!=0(|^5|/in). ■ 

j>n/2 

A second proof of Theorem 1121 For a given directed cycle H of length n, let fj{n) denote the 
number of directed Hamilton cycles on the same vertex set, which shares exactly j edges with H. 
Then fj = \y^\fj{n) for all j. Thus, rj = f'^i^n) / f'j_^{n). It was proved in [Hill] that 

/oH = $jQ(-l)'(ri-A;-l)! + (-ir, for all n > 1; (3.7) 
fe=0 ^ ^ 
n 



f'jin) = \^^jfo{n-j), forallj<n-l; (3.8) 
/;(n) = 1, for all n>0. (3.9) 

We give a short sketch of f l3.7l) -( l3T9l) . The last equation is trivial. The equation (13. 8p is obtained by 
contracting paths formed by edges contained in Gi fl G2 as described in the proof of Theorem [TTJ 
The nice property for the directed version is that after contracting these paths, the resulting two 
Hamilton cycles are edge disjoint, which is not the case for the undirected version. The equation (13. Sp 
follows by observing that there is a unique way to expand each path to obtain the original directed 
Hamilton cycles. The equation (13. 7p follows from an inclusion-exclusion argument. 

Thus, by (jST]) and ^Ml, for all 3 <n-l, 



^1 



(A)/o(^-j + i) 

n-J + l ES"' (V) (-l)'(^ - J - A: - 1)! + (-1)- 



+1 



^ TTJo n^'){-mn-3 - k)\ + (-l)"-^- 

n-j + l {n - j)\ Efc:r'(-1)V^K^ - J - fe) + (-1)"-^' 

3 ' {n- j)\{n - J + 1) En(-1)VA:!(^ - j - + 1) + (-l)-^+i 

'■n—j- 



3 El=oi-l)'/k\{n -j-k + l) + (-l)«-^+V(n - j)l{n - j + 1) 
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Let 



k\(n — j — k) 

Next we estimate H{n,j). First consider j such that j < n — 2lnn. Let k* = max{[lnn], \m{n — 
j)/n'^ In n] }. 

rr. 1 + 0{k*/{n - j)) ^ (-1)^ 

^ '-^^ n-j ^ k\ ^ klin-j-kV 

By the choice of k*, k*/{n — 1) = o{m/n'^). We also have 

E HA = omr') = o{{e/k*r) = o{n-'), 



k=k*+l 

as k* > Inn. Thus, 

H{n,j) = l + + o(n-3)) + = (1 + o{m/n'))^^. 

n — j n — j 

Hence, for all j < — 2 In n, 

1 H{n,j) + {-ir-^/{n-j)\ 1 2^^ 

'"i = ; ^ — — 7^ — ; . ' ' — = - 1 + oim/n )). 

This verifies conditions (a) and (b) (by taking '~f{n) = n — 2lnn) of Theorem [H Condition (c) 
follows in an analogous argument as in the proof of Theorem [TT] and condition (d) holds trivially. I 

3.6 Collection of disjoint triangles 

In this section, we assume n = (mod 3) and consider H {H') to be the unlabelled graph on n 
vertices consist of n/3 vertex disjoint triangles (directed triangles). Let (-^e) denote the set of 
graphs on S that are isomorphic to H {H'). Then 

" 6«/3(n/3)!' I^*^'' " 3"/3(ri/3)!- ^^'^^^ 
The following theorem determines the limiting distribution of X„ = Xn{S^e)- 

Theorem 13 Let < p < 1 be a real and < m < N an integer satisfying m = pN and 
lim inf „_j.oo p('^) > 0. Let X„ denote the number of subgraphs that are isomorphic to a set of n/3 
vertex disjoint triangles. Let fin = ^g{n,m)Xn and let Xn = Eg(„^p)X„. Then Xn/ fin ^ I in Q{n, m). 
Assume further that lim sup„_^j^ p(n) < 1, then 

In(e'^"/2XJA„) , 

^A/(0, 1), inQ{n,p), 



where fin = ^^2(1 -p)/p. 
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Remark: Indeed, the condition of lim inf „^oo p(^) > can be replaced by p{n) > n~^, for some 
small constant 6. For instance, we checked that 6 = 1/16 works and there is still room for further 
improvement. However, p » n~^/^ does not seem to be sufficient. For the purpose of a cleaner 
presentation, we only consider liminf„^ooP('T-) > in the proof. For readers who are interested in 
improving the condition of p, we give quite tight bounds in Lemmas [15] and [161 and we also point 
out here that there is plenty of room in the proofs of Lemma [18] and Theorem [13] to improve the 
range of p. 

Almost the same proof of the previous theorem, with slight modifications of the switchings 
defined in the proof of Theorem [TS] concerning the directions of edges, yields the following corre- 
sponding theorem for the directed version. 

Theorem 14 If all assumptions with N , Q{n,p) and Q{n,m) replaced by 2N , V{n,p) andl){n,m) 
in Theorem UWiold. then the same conclusion of Theorem [13 holds (for /3„ = a/(1 — p)/p by the 
definition of f3n in Theorem\3^. 

For any {Gi,G2) € x -^6; the edges in Gi and G2 can intersect in two ways. We say 
e G Gi n G2 is of type 1 if the triangles Tj G Gi with e G Tj for i = 1, 2 are distinct. We say e is of 
type 2 if Ti and T2 are on the same vertex set. 

Let Fi^t denote the set of (Gi,G'2) ^ -5^6 x -^6 such that number of edges in Gi fl G2 of type 
1 and 2 is £ and t respectively. Clearly ^ is non-empty only if t is a multiple of 3. Clearly 

= UA;Fj_3fc,3fc. Let fi^t = \Fi,t\- Then fj = X^li^o^ fj~3k,3k- 

Lemma 15 For any t > and i > 1 such that n — Ai — 3t — 1>0 and n — 3i — 3t — 12 > 0, 

2 {n-A£-3t- ly ^ fe-it ^ 2 (n - 4f - 3t + 

e {n-Se- 3t)2 - /^_i,3i - £ (n - 3£ - 3t - 12)2 ■ 

Proof. We define two switchings operating on x as shown in Figure [2] 
ti- switching: Take an edge of type 1 in Gi fl G2 and label the end vertices x and y. Let u (v) be 
the vertex that is adjacent to both x and y in Gi (G2). Take a triangle Ti (T2) in Gi (G2) that 
is distinct from xyu {xyv) which does not contain any edge in Gi fl G2. Label the vertices of Ti 
(T2) as U1U2U3 {V1V2V3). Replace these four triangles in Gi U G2 by xuui, 1/M2M3 G Gi and xvvi, 
yv2V3 G G2. The ti-switching is applicable only if v ^ Ti, u ^ T2 and Ti n T2 = 0. See Figure [2] 

inverse ti- switching: A vertex x is pure if both triangles containing x in Gi and G2 do not contain 
any edge in Gi fl G2. Choose a pure vertex x and label its neighbours in Gi (G2) as u and ui {y 
and f 1). Then choose another pure vertex y that is distinct from x, and Vi for i = 1,2. Label the 
neighbours of y in Gi (G2) as U2 and U3 {v2 and ^3). Replace these four triangles under consideration 

by xyu, U1U2U3 G Gi and xyv, V1V2V3 G G2. 

For any g = (Gi,G2) G F^^^t, let N{g) be the number of ti-switchings that are applicable on g. 
Clearly N{g) < 2£{6{n/3 — {£ + t))Y, as there are 2 ways to label x and y for a chosen edge from 
Gi nG2, and in Gi (G2) there are at most n/3 — (i + t) choices for the triangle U1U2U3 {V1V2V3) and 
for each choice there are 6 ways to label the vertices. We also have 

A^(^) > 2i ■ 6(n/3 - (£ + t) - 1) • 6{n/3 - (£ + t) - 4), 
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Figure 2: ti-switching and its inverse 



because for any chosen xy, the number of triangles in Gi which contain no edges in G2 and do not 
contain v is at least n/3 — — 1, whereas given the triangle U1U2U3, the number of triangles in Gi 
which contain no edges in Gi and do not contain any of u, Ui, i = 1, 2, 3 is at least n/3 — + 1) — 4. 
On the other hand, for any g' = {Gi, G2) G Fi^i^st, let N'{g') be the number of inverse ti-switchings 
applicable on g'. The number of pure vertices is exactly n — 4:{i — 1) — 3t. Hence the number of 
ways to choose x is n — 4(£ — 1) — 3t and for any chosen x, the number of ways to label u, ui, v, vi 
is 4. The number of ways to choose y is n — A{i — 1) — 3t — 6, where 6 counts the number of pure 
vertices among x, u, ui, v and vi. Therefore, 1 < 6 < 5 always. Hence, 

16(n-4(f-l)-3t-5)^ ^ fi,3t ^ 16(n-4(£-l)-3t)2 _ 



2i ■ (6(n/3 - (£ + t))y - fe_,,,t " 2£ ■ 36(n/3 - + t) - 4)^ 
Lemma 16 For any i > and t > 1, 

f,,st 32{n-4i-3tf 



fm-i) 3(n -3t- 3ty 



-(l + 0(l/(n-4£-3t))). 



Proof. We define another two switching operations on x as shown in Figure El 
t2- switching: Let xyz be a triangle that is contained in both Gi and G2- Take two distinct triangles 
from Gi {G2) which do not contain any edge in Gi fl G2 and label the end vertices as xiyiZi and 
2^22/2-22 {x[y[z[ and X2?/2-22) respectively. Replace the six triangles under consideration by aaia2 G Gi 
and aa'ia'2 G G21 where a G {x, y, z}. This switching is applicable only if all these fifteen vertices a, 
ai, a[ for a G {x, z} and z = 1, 2 are distinct. 

inverse t2-switching: Recall from the definition of inverse ti-switching that a vertex x is pure if 
both triangles containing x in Gi and G2 do not contain any edge in Gi fl (72. Choose three pure 
vertices a, a G {x,y,z} and label the neighbours of a in Gi {G2) by ai and 02 (a'l and a'g). The 
inverse t2-switching replaces the six triangles under consideration by xyz, Xiy^Zi G Gi for i = 1, 2 
and xyz, x'jy[z[ G G2 for i = 1,2. This switching is applicable only if all these fifteen vertices a, Oj, 
a'^ for a G {x, y, z} and z = 1, 2 are distinct. 

For any g G F^^^t and (7' G -F£,3t-3, define N{g) and N\g') the same way as in the proof of 
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Figure 3: t2-switching and its inverse 

Lemma [151 Following an analogous argument of Lemma [151 it is not hard to show that 

. - it + t) - ey ^ ^ (nli -V + tr^ 

(4(n - 4(£ - 1) - 3t - 10))^ < N'{g') < (4(n - 4(£ - 1) - 3t))3. 

Thus, 

32(n - 4£ - 3t - 6)3 ^ /^,3t ^ 32(n-4£-3t + 4)3 ^ 
3(n - 3£ - 3t)4 - /^,3(t_i) - 3(n-3£-3t-21)4' 

Corollary 17 For a// j = o(n), 

/j-3fc-3,3fc+3 4[j - 3A; - Ija 

fj-3k,3k 3?T, 

Proof. This follows by Lemmas [15] and [16] and 

/i-3fc-3,3fc+3 _ /j-3fc-3,3fc+3 J~J fj-3k-i-l,3k | 
fj—3k,3k fj— 3k— 3,3k fj~3k—i,3k 

Lemma 18 Assume lim inf p(n) > 0. Let '~f{n) = In Inn. T/ien 

i>7(") 

Proof. Let G G o?6 and let Kj{G) be the number of graphs in which shares at least j edges 
with G. We estimate an upper bound of Hj{G). Let j = £ + 3t and we consider the number of 
graphs G' in that shares at least I and 3t edges of type 1 and 2 respectively with G. Then there 
are i^^^) ways to choose the t triangles contained both in G and G' . Then there are ("^^~*)3^ ways 
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to choose the ^ triangles in G that contain the ^ edges of type 1 and to locate these ^ edges. Given 
these ^ edges in G', there are at most [n — "it — 2^]^ ways to choose another ^ vertices to form the ^ 
triangles in G' . Then there are at most 



{n-2,t-U)\ 



< 9"n^("/3-*-^) 



6V3-t-^(r2/3 - t - £)! 

ways to partition the remaining n — 3t — 3£ vertices into vertex disjoint triangles in G' . Hence 
^^AG) < (""f ) {^'^^ ^) - 3t - 2£],9"n2("/3-*-^) < n ■ maxjn^n^^r^Q^n^^^/^-*-^)}, 

where t = {j — Thus, 

ln(«,(G))<ma.{(2„/3-()lu„-«nW} + 0(n). 

We consider only j > j{n). So the maximum is achieved at £ = n^^^. Thus 

HKj{G)) < — Inn- ^ Inn + 0(n), 
3 3 

We also have ^ 

In /i„ = n In p H In n + O (n) . 

3 



\n{K,j{G)) — ln/i„ < — - Inn — nlnp + 0(n) — )■ — oo, 



So 

J 
3 

as n — > oo since liminf^^ooPl?^) > 0, which completes the proof of the lemma. I 
Proof of Theorem I13L For any j > 0, 



b73j L(i-i)/3j 

(3.11) 

fc=0 fc=0 

By Corollary [TTl for all j = o(n^/'^), rj ~ fj,o/fj-i,o- By Lemma fT5l this ratio is asymptotic to 
2/j. This verifies Theorem [1] (a). Let 7(n) = n/lnlnn. Lemma [T8l verifies condition (c) whereas 
condition (d) is trivially true. The proof is completed by verifying condition (b). Since rj ~ 2/j 
for all j = o(n^/'^), we only need to show that for all n^^^/lnn < j < 'j{n), rj < m/2N. It follows 
directly from the following two facts. 

(a) Let k = min{fc : j — 3k < Inn}. By Corollary [TTl 

b73j k L(i-i)/3j k 

fj~3k,3k ~ fj~3k,3k, fj-l-3k,3k ~ fj-l-3k,3k- 

k=0 k=0 k=0 k=0 

(b) By Lemma [151 for all < A; < fc, fj-3k,3k/ fj-i-3k,3k = o(l). I 
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4 Proofs of Theorems [T] and [3 

Before approaching Theorems [1] and [3l we first prove a technical lemma. 

Lemma 19 Let N = Q) '^'^^ P = m{n)/N, where < m(ri) < A^. Then for any integer 
a = £{n) > such that \imsup^_^^i{n)/m{n) < 1, 

N-i\jN\ J f l-pf-i,^,,3, 2^ 



^ / =/exp ^- - + 0(t/m' 



Moreover, if i = ^l{^/m), then 

— £ J ' \m J ^ \ pN 2 



N-i\ JN\ , f l-pf ^,,3, \ 



Proof. 



'(ml ~ WL ~ 11 



m-ij' \mj [N]i fJ^^N -i 

l-l ... s 

— exp I 1 |-0(i^/m^) ) (since limsup£(n)/m(?2) < 1) 

. \ m N J n^oo 



1)2 



If we have further that i = Q{y/m), then £/pN = 0{i^/m'^). I 

Proof of Theorem [H In this proof, the probability space refers to the random graph Q{n,m) 
only. Let s = By ^ and flO) . 

/ M — rn h'^ 
EX„ = s(m/Ar)''exp — + 0{h^/m'\ 



We also have 

h 

I] 



j=0 



mN 2 



N-{2h-j)\/N 
m — {2h — j) J \m 



Let g{j) = fj{Zzf2l-^)/0- By condition (a), for every > and any 1 < j < Kh^ 



\m-{2h-j) 



^^■^^ -rj--{l + 0{h/m)) = —{l + 0{h/m) + o{m/h^)) = —{l + o{m/h^)), (4.1) 



g{j — 1) m mj mj 

where the last equality holds because = o(m^). By condition (c) and the fact that for any integer 
0<J<h, < Czt), we also have that 



i>7(n) 
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l\ = t{n)iinls. 



m — hi \m 



Then for all sufficiently large > 0, 

h Kh'^/m 

EX^ = Y.3i3)= 3{3) + 0{g{Kh^/m)) + 0{t{n)iin/s) 

= {1 + 0{K-')) 9{j) + 0{t{n)f,Js), (4.2) 

3=0 

where the second equality holds because of condition (b) and the last equality holds by f l4.ip . Next, 
we estimate J^f^o^"" dU)- By (14.11) and Lemma [T9l 

Kh'^/m (N-2h\ Kh^/m ^ ■ 

j=0 \m) j=0 

= fo ■ (m/Nf^exp + 0{hym')^ (exp(/.Vm + o{K)) + T{K)^, 

= fo ■ {m/Nf' exp (^-^^-Z^2h^^ exp(/iV"^) (l + o{K) + 0{V{K) exp(-/iV^))) , (4.3) 

where 

r(K) = o I \]IM^\ =o(^ ^"^'/^^ ^""'^'^ 



{Khym)\ J \\{Khym) 
Letting -> cx) in both (|12D and (iJl), we have T{K) ^0, since h'^/m = n{l). Thus, 

EXl = (1 + o(l))/o ■ (m/iV)2'^exp (^-^^-^2/1^^ exp(/iVm) + 0(t(n)/ijs). (4.4) 

We also have 

j=0 j=0 i=l 

With the same reasoning as before, it is enough to sum over the first Kh'^/N terms, leaving a 
negligible tail plus an error term 0{t{n)), and then let K — ?■ 00. This yields 

s^ = il + o(l))/oexp(/iViV) + 0(t(n)). 

Since t{n) = o{fins) = o{s^) by condition (c), we obtain 

/o~s2exp(-/iViV). 

Combining with (14. 4 p and again by condition (c), we obtain 

EXl = (1 + oil))s^{m/NY'' exp (^-^^L^2h^^ exp{hym - h^N) + 0(t(n)/x„/s) 

= (1 + o(l)).2(m/iV)2'^exp (^-^^Ll^h'^ + oif^l) ~ {EX^f. 
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By condition (d), EX„ — i- oo as n — )■ oo. Then for every e > 0, 

P(|X„/EX„ - 1| > e) 0, as n oo, 
by Chebyshev's inequality. I 

Proof of Theorem [3l Let Yn denote the number of edges in Q{n,p), then y„ ~ Bin{N,p). Hence 
we have 

y„-piV = Op(v/p(l-p)iV), (4.5) 

where f{n) = Op{g{n)) for some g{n) > means P(|/(n)| > Kg{n)) — as if — )■ oo and n — )■ oo. 
Similarly we use the notation f{n) = Op{g{n)) meaning that for every e > 0, P(|/(n)| > eg{n)) — )■ 
as n — )• oo. Since X„/Eg(„„i)x„ A 1 in Q{n,m) for all m = pN + 0(a/p(1 — p)N) by assumption 
and \n{Eg(^n,m)Xn) = In + h\ii{m/N) + {N - m)K^/2mN + o(l) by by conditioning on 

Yn, we have 

1 _ y /AT /i2 

lnX„-ln|^| -/iln(F„/Ar) + A 0. (4.6) 



By gSD, 



Yn 2 2iVp V \\/i^-p)N \ pN J J 2Np 

where the equality above holds because = o{p'^n'^). We also have 

ln(r„/iV) = lnp(l + r„V(l-p)/piV) = Inp + ,/{l-p)/pNY: + Op((l - p)/pN), (4.8) 

where 



^p{l~p)N 

is the normalised variable of Yn- Recall that A„ = \S^\p^ from (12. ip and EX„ = A„. Combining 
with (liS])-(iSD, we have 

2 

Since (3n = f^(l), (14. 9 p immediately yields 



ln(X„/A„) + ^ = l3nY: + Op(l). (4.9) 



Pn 



Since Y* A A/'(0, 1), the theorem follows. I 



5 Concluding remarks 

It was proved in ^ that m » rc"!"^ is required for the concentration of X„ in Q{n,Tn), where 
Xn denotes the number of Hamilton cycles or perfect matchings or spanning trees, as the variable 
will become asymptotically log- normally distributed when m = B(n^/^). We believe that most 
of the ranges of p that we presented in the paper are tight, except for sets of vertex disjoint 
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triangles. It is also a little surprising that the critical point of m when X„ changes from small 
deviation (EX^ ~ (EX„)^) to large deviation (limsup^^^ EX^/(EX„)^ > 1) in Q{n,m) seems to 
be different for Hamilton cycles and for sets of vertex disjoint triangles. We guess m = n^/^ might 
be the critical point for the latter case. 

As explained in Section 13. 5[ the most interesting set ^ to be studied is perhaps the one con- 
taining graphs isomorphic to an unlabelled graph H on n vertices. Unfortunately, for a general H, 
both fj and Vj seem hard to compute. It will be interesting to know whether for all such graphs 
H, the corresponding random variables X„ follow the log- normal paradigm. If not, is it possible to 
characterise the class of H, for which the distribution of X„ follows this pattern? 
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